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1. (10 points) Write answers in the right blanks

1.1 What is the inverse of 3̄ in Z7 ?

1.2 What is the inverse of (135)(42) in S5 ?

1.3 Compute the order of (132)(31)(24) in S4

1.4 Compute the order of 17 in Z×
20

1.5 Find a generator of Z×
5

1.6 Write out elements of ⟨4̄⟩ in Z16

1.7 Find the number of all generators for Z1000

1.8 Write out elements of the left coset (12) ⟨(31)⟩ in S3.

1.9 Compute the index [Z×
25 : ⟨7̄⟩]

1.10 What is the inverse of ⟨5̄⟩+ 2̄ in a quotient group Z13/ ⟨5̄⟩ ?
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2. (6 points) Define a ∗ b = a+ b− 7 for all a, b ∈ Z. Prove that (Z, ∗) is a group.

3. Let G be a group. Prove that

3.1 (4 points) if x2 = e for all x ∈ G, then G is abelian.

3.2 (3 points) (ab)−1 = b−1a−1 for all a, b ∈ G.
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4. In symmetric groups

4.1 (4 points) Write the cycle decomposition of each element
(a) of order 4 in S4

(b) of order 2 in S6

4.2 (4 points) Compute the orders of
(a) (1 2 3)(4 3)(4 5)(6 7) in S8

(b) (1 7 9)(2 10 3)(7 8) in S10
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5. (10 points) Let H =

{[
a b
c d

]
: ad− bc = 1

}
. Prove that H is a subgroup of GL2(R).

6. (5 points) Let G be a group. Prove or disprove that

if H ≤ G and K ≤ G, then H ∪K ≤ G.
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7. In Z×
18 with multiplication

7.1 (5 points) Find all generators

7.2 (5 points) Find all subgroups by Lagrance’s theorem
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8. (8 points) Write the Lattice diagram of Z36 (Write each subgroup by ⟨a⟩)
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9. Explain your answers

9.1 (8 points) Find all normal subgroups of S3

9.2 (5 points) Let M and N be subgroups of a group G. Prove that

M E G and N E G −→ M ∩N E G
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10. Explain your answers

10.1 (3 points) Write out elements of Z/5Z

10.2 (5 points) Write inverses of each element in quoteint group Z×
25/ ⟨7̄⟩
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11. Let G1 = Z× Z be a group with addition and G2 = Q+ a group with multiplication. Define

φ : G1 → G2 by φ(a, b) = 2a+b for all a, b ∈ Z

11.1 (4 points) Prove that φ is homormorphism

11.2 (4 points) Is φ isomorphism ? Verfy your answer.

11.3 (4 points) Find Ker(φ) and Im(φ)
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12. Explain your answers

12.1 (4 points) Show that Z2 × Z3 is isomorphic to Z6

12.2 (4 points) In Z4, find T0, T1, T2 and T3 and a subgroup H of S4 such that Z4
∼= H by Cayley’s

theorem.

page 11 of 11

11


