QUIZ 1 : MAT2303 ABSTRACT ALGEBRA

TOPIC Groups & Symmetric groups SCORE 10 points
QUIZ TIME Thu 31 Aug 2017, 3rd Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME. ..ot ID ... SECTION.......................

1. (3 points) Define ax*b="Tab for all a,b € Q*. Prove that (Q7,x) is a group.

2. (3 points) Compute inverses for each element in the following groups.
2.1 543 in (Zas60, +) 2.2 7in (Z,") 2.3 (1234)2 in (Sy4,0)
3. (4 points) Compute orders for each element in the following groups.

3.1 91in (Zya, +) 3.3 L1 4+i¥Lin (C—{0},")
3.2 5in (Z5,") 3.4 (1243)(3425) in (Ss5,0)



SOLUTION QUIZ 1 : MAT2303 (SEC2)

TOPIC Groups & Symmetric groups SCORE 10 points
QUIZ TIME Thu 31 Aug 2017, 3rd Week, Semester 1/2016
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,

Suan Sunandha Rajabhat University

1. (3 points) Define ax*b=Tab for all a,b € Q*. Prove that (Q7,x) is a group.

Proof. First, let a,b,c € Q7. Then
(a*b)*xc=(Tab) x c = 7(Tab)c = 7(a)(7bc) = a * (Tbc) = a * (b*c).

So, * is associative on Q. Next, let a € Q. We obtain

1 1 1 1
ax-="Ta(z)=a=T7(z)a= 2 *a.

7 7 7

Thus, % is the identity. Finally, we will prove that all elements in Q" have inverses. Let a € Q.

Since a in a nonzero rational number, 49% is a positive rational number. We get

1 1 1 1 1
@ (o) = T00) = 77 (97 = 29q ¥
Hence, ﬁ ia an inverses of a. Therefore, (QT,*) is a group.

2. (3 points) Compute inverses for each element in the following groups.

2.1 543 in (Zaseo, +)
Since 543 + 2017 = 2560 = 0, 2017 is the inverse of 345.

2.2 7in (Z},")
Since 7-13 =91 =1, 13 is the inverse of 7.

2.3 (1234)3 in (S4,0)
Let a = (1234)3. Then,

a:(1234)3:(1234)(1234)(1234):(1 2 3 4)

(1 2 3 4\
a _(2 s oy 1) =0239)

Hence, (1234) is the inverse of (1234)3.
3. (4 points) Compute orders for each element in the following groups.

3.1 9in (2144,+)
Since 16(9) = 144 = 0, o(9) = 16.

3.2 5in (Z},")

Consider,
52 =125 =4
53 =5(4) = 20
5% = 5(20) = 100 = 16
55 = 5(16) = 80 = 17
50=5(17)=85=1

Thus, o(5) =6
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3.4 (1243)(3425) in (Ss,0)

(1243)(3425). Then

Let «

Thus, o(a) = 3.



QUIZ 1 : MAT2303 ABSTRACT ALGEBRA

TOPIC Groups & Symmetric groups SCORE 10 points
QUIZ TIME Fri 1 Sep 2017, 3rd Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME ..ot ID. SECTION.........cvvvvveeeen.

1. (3 points) Define axb=a+b—387 forall a,b e Z. Prove that (Z,*) is a group.

2. (3 points) Compute inverses for each element in the following groups.

2.1 1112 in (Zooi7, +) 2.2 14 in (Z5,-) 93 [1 1] in (GLs(R), ")

3. (4 points) Compute orders for each element in the following groups.

3.1 21 in (Zyaq, +) 3.3 L —iL¥in (C—-{0},")
3.2 11 in (Z%, ") 3.4 (1253)(4325) in (Ss,0)



SOLUTION QUIZ 1 : MAT2303 (SEC1)

TOPIC Groups & Symmetric groups SCORE 10 points
QUIZ TIME Fri 1 Sep 2017, 3rd Week, Semester 1/2016
TEACHER Thanatyod Jampawai, Ph.D.; Faculty of Education,

Suan Sunandha Rajabhat University

1. (3 points) Define axb=a+b—387 forall a,be Z. Prove that (Z,*) is a group.

Proof. First, let a,b,c € Z. Then
(axb)xc=(a+b—387)xc
=(a+b—387)+c— 387
=a+ (b+c—387) — 387
=ax (b4 c—387)

=ax (bxc).
So, * is associative on Z. Next, let a € Z. We obtain
a* 387 =a+ 387 — 387 =a =387+ a — 387 = 387 x a.
Thus, 387 is the identity. Finally, we will prove that all elements in Z have inverses. Let a € Z. We obtain
ax(7714—a)=a+ (774 —a) — 387 =387 =a+ (774 —a) — 387 = (774 — a) * a.
Hence, 774 — a ia an inverses of a. Therefore, (Z, %) is a group. O

2. (3 points) Compute inverses for each element in the following groups.
2.1 1112 in (Zao17,+)
Since 1112 + 905 = 2017 = 0, 905 is the inverse of 1113.
2.2 14 in (Z75,")
Since 14 - 14 = 196 = 1, 14 is the inverse of 14.

2.3 B _11} in (GLy(R), ")

. 1 1 1 1 1 0 1 1. . 1 1
Since [0 _1] [0 _1] = [0 J, [O _J is the inverse of [0 _1]

3. (4 points) Compute orders for each element in the following groups.
3.1 21 in (2144, —I—)
Since 48(21) = 144(7) = 0, o(21) = 48.
3.2 111in (Z3;,-)
Consider,
112 =121 =21
11 =11(21) =231 = 6
11* = 11(6) = 66 = 16
11° = 11(16) = 176 = 1

Thus, o(11) =5
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3.4 (1253)(4325) in (S5,0) Let «

(1253)(4325). Then



QUIZ 2 : MAT2303 ABSTRACT ALGEBRA

TOPIC Subgroups & Lagrange’s theorem SCORE 10 points
QUIZ TIME Thu 14 Sep 2017, 5th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME ... ID.... SECTION...........ovvvvene.

a 0

1. (3 points) Let H = {[0 b

] :a,b € R and ab > 0}. Prove that H is a subgroup of GLy(R).
2. (3 points) Compute
2.1 the number of all generators of Zy3000 2.2 index of [Zggoo : (150)]

3. (4 points) Find all subgroups and draw lattice diagram of the following groups

3.1 Zsg 3.2 7%



TOPIC
QUIZ TIME
TEACHER

SOLUTION QUIZ 2 : MAT2303 (SEC2)

Subgroups & Lagrange’s theorem
Thu 14 Sep 2017, 5th Week, Semester 1/2017

Thanatyod Jampawai, Ph.D.; Faculty of Education,
Suan Sunandha Rajabhat University

SCORE 10 points

1. (3 points) Let H = {[

a O
0 b

Proof. We first choose a =b =1, s0 ab=1 > 0. Then, [(1) ﬂ belongs to H.

Next, we will show that H is closed. Let A = [

Since A, B € H, ab > 0 and zy > 0. We conclude that (ax)(by) =

Then

AATL = [

2. (3 points) Compute

AB =

CLOE
0 b| 10

i

i

2.1 the number of all generators of Z43209

The number of all generators of Zy3000 =

2.2 index of [Zggoo : (150)]
Consider (150) = {0, 150, 300, 450, ...,

3.1 Zsg

[Zgooo :

a 0
0 b

b=

1
1 0] [2
0 1]~ [0

:(26_

(ab)(zy

$(43200)

= (2°-3%-5%)

= $(2°)9(3%)(5%)
25)(33_

— (32)(18)(20)
= 11520 #

9000}. Then o((150)) = 60. Thus

(150)] =

o(Zgooo)

9000

o({150))

3. (4 points) Find all subgroups and draw lattice diagram of the following groups

=150
60 #

32)(52 _

] ta,be R and ab > O}. Prove that H is a subgroup of GLy(R).
z 0 .
] and B = [0 y] be elements in H. Then

) > 0. Thus, AB € H.
Finally, let A = [O 2] be in H. Then ab > 0. It follows that a # 0 and b # 0. Choose A~1

0&07_1
o 3 -ama

It is easy to see that & > 0. Hence, A! is an inverse of A and belongs to H. Therefore, H < GLy(R).

5)

3

o=

= O

O]

We choose 1 to be a generator of Zsg. Then all divisors pf 36 are 1, 2, 3, 4, 6, 9, 12, 18, 36. Hence, all
subgroups are

(1) = Zse

(2) = {0,2,4, ..., 34)

(3) = {0,3,6, ..., 33}

(4) = {0,4,8, ..., 32}

(6) = {0.6.12,18. 24, 30}

{
{
{
{

9) = {0,9,18,27}

12) = {0,12,24}
18) = {0,18}
0) = {0}



Z36
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<0>
3.2 7%

For .5, = {1,2,4,5,7,8,10,11,13, 14, 16,17, 19, 20, 22, 23, 25, 26}, we consider

20 =1 2=32=5 210 — 59 — 95 215 — 44 =17
1 6 __ 11 _
2l —9 2° =10 24 =50=23 16 _34—7
22 =4 27 =20 212 — 46 =19

13 T=14
23 =18 28 =40 =13 213 =38 =11
24 =16 29 = 26 214 — 99 218 — 98 =1

Hence, (2) = Z3;. That is 2 to be a generator of ZJ,. Since o(Z3;) = 18, all divisors of 18 are 1, 2, 3,
6, 9, 18. Then,




QUIZ 2 : MAT2303 ABSTRACT ALGEBRA

TOPIC Subgroups & Lagrange’s theorem SCORE 10 points
QUIZ TIME Fri 15 Sep 2017, 5th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME ... ID.... SECTION...........ovvvvene.

1. (3 points) Let H = { [a b] ta,be R and a # 0}. Prove that H is a subgroup of GLy(R).

1
0 4

2. (3 points) Compute

2.1 the number of all generators of Zsgg0o 2.2 index of [Sg: ((1234)(4351))]

3. (4 points) Find all subgroups and draw lattice diagram of the following groups

3.1 Zay 3.2 5



SOLUTION QUIZ 2 : MAT2303 (SEC1)

TOPIC Subgroups & Lagrange’s theorem SCORE 10 points
QUIZ TIME Fri 15 Sep 2017, 5th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,

Suan Sunandha Rajabhat University

a

1. (3 points) Let H = {[0

ll)] ta,be R and a # 0}. Prove that H is a subgroup of GLy(R).

a

Proof. We first choose a = 1 and b = 0. Then, { ] belongs to H.
a

Next, we will show that H is closed. Let A = [0

Q= o

] and B = [:(I)U zi/] be elements in H. Then

a bl |z ar ay+ 2
am=[5 |5 4 =[7 "2

T

Since A,B € H, a # 0 and = # 0. We conclude that ax # 0. Thus, AB € H.
Finally, let A = [O b] be in H. Then a # 0. Choose A~! = {“ ab]. Then

oo

R R

Hence, A~! is an inverse of A and belongs to H. Therefore, H < GLy(R). O

Q= o

]::A—R4

Ol

2. (3 points) Compute
2.1 the number of all generators of Zgg400

The number of all generators of Z43200 = ¢(86400)

o(27 - 3% 5?)
)
:@7—ﬁx§—3%@2—m

— (64)(18)(20)
= 23040 #
2.2 index of [Sg: ((1234)(4351))]
Consider
(1234)(4351) <; . g) =(125)
o((1234)(4351)) = 3
Thus,
o(Sg) 6!

[Se: ((1234)(4351))] = =2 =040 #

o((1234)(4351)) 3

3. (4 points) Find all subgroups and draw lattice diagram of the following groups

3.1 Zoy

We choose 1 to be a generator of Zss. Then all divisors pf 24 are 1, 2, 3, 4, 6, 8, 12, 24. Hence, all
subgroups are



(1)

(2) ={

(3) = {0,3,6,
4 =1

., 22}
.., 21}
20}

3.2 7%

For 7.5, = {1,2,4,5,7,8,10,11,13, 14, 16, 17,19, 20, 22, 23, 25, 26}, we consider

20=1 2°=32=5 210 =52 =125 25 =44 =17
1 _ 6 11 _

21 — 9 2° =10 2+ =50=23 916 —_ 34 —17
22 =4 27 =20 212 — 46 =19 .

923 — 8 98 — 40 = 13 213 — 38 — 11 2=l

24 =16 29 = 26 214 — 99 218 —98 =1

Hence, (2) = Z3;. That is 2 to be a generator of ZJ,. Since o(Z;,) = 18, all divisors of 18 are 1, 2, 3,
6, 9, 18. Then,

(2%) = (%) = (1) = {1}

<2%8> — (2%) = (26) = {1,26}

<2%8> = (25) = (10) = {1,10, 19}

<2%8> = (2%) = (8) = {1,8,10,26,19,17}

<2%8> = (2?) = (4) = {1,4,16,10,13,25,19,22, 7}
<2%8> = (2!) = (2) = 2,




QUIZ 3 : MAT2303 ABSTRACT ALGEBRA

TOPIC Rings SCORE 10 points
QUIZ TIME Fri 3 Nov 2017, 11th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME....ccooiiiiiiiiiiiieeee e ID. SECTION.........cvvvvveeeen.
0 00
1. (3 points) Determine I = ¢ [a b c¢| :a,b,c € R » is right ideal or left ideal of Ms3(R).
0 00

2. (3 points) Show that Z[v/3] = {a + bV/3 : a,b € Z} is a subsring of C. Show that Z[/3] has more than 4

elements which are units.

3. (4 points) Let ¢ : Z — Z3 be defined by op(z) = #3. Show that ¢ is a ring homomorphism, find Ker ()
and I'm(y). Use the first isomorphism theorem to show that Z/3Z = Zs



SOLUTION QUIZ 3 : MAT2303

TOPIC Rings SCORE 10 points
QUIZ TIME Fri 3 Nov 2017, 11th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D.; Faculty of Education,

Suan Sunandha Rajabhat University

0 0 0
1. (3 points) Determine I =< |a b c¢| :a,b,c € R} is right ideal or left ideal of M33(RR).
00 0
T Yy z [0 0 0
Proof. Let |s r t| € M33(R)and |a b c¢| €. Then
U W p 10 0 0
00 0| [z ¥y = 0 0 0
a b c|l|s r t|=|lax+bs+cu ay+br+cw az+bt+cp| €1
0 0 0] |lu w p 0 0 0

Thus, I is a right ideal of M33(R) but not a left ideal because
1 1 1{ (0 0 O 111
11 1)1 1 1|=1(1 1 1| ¢TI
1 1 1[0 0 O 111
Hence, I is not an ideal of M33(R). O

. (3 points) Show that Z[v/3] = {a + bv/3 : a,b € Z} is a subsring of C. Show that Z[v/3] has more than 4
elements which are units.

Proof. Let a+ b3,z +y\/3 € Z[V/3] where a,b,z,y € Z. Since a +z,b+y € 7Z,
(a4bV3) + (x+yV3) = (a+2) + (b+ y)V3 € Z[V3]
Since 0 = 0+ 0v/3 € Z[\/g], 0e Z[\/g] For each a + bv/3, we get
(a+0V3) + (—a—bV3) =0

and —a — by/3 € Z[v/3]. Thus, (Z[\/3],+) is an abelian group. It is obviously that (Z[/3],-) is associative
because Z[v/3 C R. Next, we will show that (Z[+/3],-) is closed. It is easy to see that

(a +bV3)(x + yV3) = (ax + 3by) + (ay + bx)V3 € Z[V3]

Finally, let z + yv/3 € Z[/3] be an inverse of a + by/3 € Z[/3] with a # 0 or b # 0, we have

(a+bV3)(x+yvV3) =1
(az + 3by) + (ay +bx)V3 =1+ 0V3

So, ax + 3by = 1 and ay + bz = 0. Suppose a = 0. Then 3by = 1 is imposible. Thus, a # 0. Then y = —%x
and we get
b
ax + 3b (_w) =1
a

2 912
x(a 3b>:1
a
a br




o If a =+1, then z = —=1,. That is 1 — 3b> = 1. Then b =0

1—3b2
o Ifa==+2, then z = 52, That is 4 — 36> = £1,42. Then b = +1.
Thus,

FElements | Inverses

—1 —1

1 1
243 | =2+ 3
2-V3 | —2—-3
—24+V3 | 243
—2-V3 1| 2—3

3. (4 points) Let ¢ : Z — Z3 be defined by p(x) = 3. Show that ¢ is a ring homomorphism, find Ker(y)
and I'm(y). Use the first isomorphism theorem to show that Z/3Z = Zs

Proof. Let x,y € Z. Then

elz+y)=@+y?’=(@+y)°
_ =3 —2= =2 | =3 _ -3 -3
=z +3z°Yy+3zy" +y =2°+04+0+y
=7+ 7 = p(x) + ¢(y)
p(zy) =7y° = (29)° = 2°9°
= p(x)p(y)

Thus, ¢ is a ring homomorphism. Next, we find Ker(¢) and Im(p). That is

Ker(p)={r €Z: p(x) =0}
={zeZ:z>=0}
= 37

Im(p) ={y € Z3: Iz € Z, p(x) = y}
={yeZsy:3Ix e =y}
={0,1,2} =73

By the first isomorphism theorem, Z/Ker(p) = Im(p). That is

Z/37 = 7y



QUIZ 4 : MAT2303 ABSTRACT ALGEBRA

TOPIC Integral domain SCORE 10 points
QUIZ TIME Thur 9 Nov 2017, 13th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME. ... ID.... SECTION...........ovvvvene.

1. (3 points) Find all maximal ideals and prime ideals of Zg310
2. (8 points) Find all irreducible elements in Z15

3. (4 points) Find all prime elements in Zg by table

11213145167

|| O | W DN .




SOLUTION QUIZ 4 : MAT2303 (SEC2)

TOPIC Integral domain SCORE 10 points
QUIZ TIME Thur 9 Nov 2017, 13th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D.; Faculty of Education,

Suan Sunandha Rajabhat University

1. (3 points) Find all maximal ideals and prime ideals of Zas1¢
Since 2310 =2-3-5-7-11, all prime divisors of 2310 are 2, 3, 5, 7, and 11. Thus, all maximal ideals and
prime ideals are

2), @) ) (1), and (11)

2. (38 points) Find all irreducible elements in Z15
All non units are 3, 5, 6, 9, 10 and 12.

3 5 6 9 10 12
319 0 3 12 0 6
510 10 0 0 5 0
613 0 6 9 0 12
916 10 9 6 0 3
0(]0 5 0 0 10 O
1219 0 12 3 0 9
There is no irreducible elements in Z5.
3. (4 points) Find all prime elements in Zg by table
11213145 ]6]|7
11112345 |6]|7
21214602416
3136|147 |2|5
41410404 |0|4
5151271411613
6164120642
717165141321

All non units are 2, 4 and 6.

o Since 2 | x for x = 0,2,4,6 (see 2 th row), if 2 | ab, then 2 | a@ or 2 | b. Thus, 2 is a prime element.
o Since4=2-2,4|(2-2) but 412 (see 4th row), 4 is not a prime element.
o Since 6 | z for = 0,2,4,6 (see 6 th row), if 6 | ab, then 6 | a or 6 | b. Thus, 6 is a prime element.



QUIZ 4 : MAT2303 ABSTRACT ALGEBRA

TOPIC Integral domain SCORE 10 points
QUIZ TIME Fri 10 Nov 2017, 13th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D., Faculty of Education,
Suan Sunandha Rajabhat University
NAME. ... ID.... SECTION...........ovvvvene.

1. (3 points) Find all maximal ideals and prime ideals of Zg41g
2. (8 points) Find all irreducible elements in Z1¢

3. (4 points) Find all prime elements in Zjo by table

11234567819

O O[O O x| W N ] -




SOLUTION QUIZ 4 : MAT2303 (SEC1)

TOPIC Integral domain SCORE 10 points
QUIZ TIME Fri 10 Nov 2017, 13th Week, Semester 1/2017
TEACHER Thanatyod Jampawai, Ph.D.; Faculty of Education,

Suan Sunandha Rajabhat University

1. (3 points) Find all maximal ideals and prime ideals of Zg4;g
Since 2418 = 2-3-13- 31, all prime divisors of 2418 are 2, 3, 13 and 31. Thus, all maximal ideals and prime
ideals are

(2), (3), (13) and (31)

2. (38 points) Find all irreducible elements in Z1
All non unit of Z¢ are 2, 4, 6, 8, 10, 12 and 14. Then

. 2 4 6 8 10 12 14
214 8 12 0 4 8 12
418 0 8 0 8 0 8
6 112 8 4 0 12 8 4
810 0 0 O O 0 O
1014 8 12 0 4 8 12
1218 0 8 0 8 0 8
4112 8 4 0 12 8 4

In the table, it appears 0, 4, 8 and 12. Hence, 2, 6, 10 and 14 are irreducible.

3. (4 points) Find all prime elements in Zjo by table

OO0 | | W[N]~
OO NSO x| W N ==
O DD =N D00 | = DN DN
N |0 N OO W W
DN O = | OO DO CO| x|
O O] O OO O O O Ot Ot
= OO N SO0 NSO
w| o o oot oo =] ] =3 ~
DN =00 DN | Oy 00| Co
N W | OO |00 ©O©

All non units are 2, 4, 5, 6 and 8.

o Since 2 | x for x = 0,2,4,6,8 (see 2 th row), if 2 | ab, then 2 | a or 2 | b. Thus, 2 is a prime element.
o Since 4 |z for z =0,2,4,6,8 (see 4 th row), if 4 | ab, then 4 | @ or 4 | b. Thus, 4 is a prime element.
o Since 5 | x for z = 0,5 (see 5 th row), if 5 | ab, then 5| a or 5 | b. Thus, 5 is a prime element.

o Since 6 | z for = 0,2,4,6,8 (see 6 th row), if 6 | ab, then 6 | a or 6 | b. Thus, 6 is a prime element.
o Since 8 | x for x = 0,2,4,6,8 (see 8 th row), if 8 | ab, then 8 | a or 8 | b. Thus, 8 is a prime element.



