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Quiz 1 : (8 a.m.)
MAC3309 Mathematical Analysis

Topic Ordered field axiom, Supremum & Infimum Score 10 marks
Time 30 minutes (3th Week) Semester 2/2023

Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let z € R such that 0 < z < 1. Prove that

r <+

2
2. (5 marks) Let A = {n—i—l in € N}. Find inf A and prove it.
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Solution Quiz 1 : (8 a.m.)
MAC3309 Mathematical Analysis

Topic Ordered field axiom, Supremum & Infimume Score 10 marks
Time 30 minutes (3th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let = € R such that 0 < z < 1. Prove that

xr < /7.

Proof. Let x € R such that 0 < z < 1. Then z > 0. By 03.1, we have

P?=z-z<l-z=u1
We obtain 22 — 2 < 0. It follows that

2 — (Va)2 <0

(x = V@) (& + Vi) < 0.

Since z + v/z > 0, (z 4+ /z)~! > 0. By 03.1 again,
(x = Va)(z + Vo) +v2) T <0 (z+ o)
x —+/x <0.

We conclude that z < /.

2
2. (5 marks) Let A = {+ ‘n € N}. Find inf A and prove it.
n

QDN =

9

1o

We see that A = {1,3, ,} Claim that infA=0.

Proof. We will prove that infA =0
Let n € N. Then n > 1. So, n+ 1 > 0. We obtain
2
n+1

>0

Thus, 0 is a lower bound of A.
Finally, we will show that 0 is the greatest lower bound of A.
Assume that that there is a lower bound ¢y of A such that

ly > 0.

By definition,

Eogn 1 forall n e N (%)

14
From 50 > 0. By Archimendean property (2), there is an ny € N such that

1 14 2
— <2 — — <4y
no 2 no
Since ng + 1 > ng,
2 2
< — </
ng+1 no 0

This is contradiction to (x). Therefore, infA =0 .
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Quiz 1 : (1 p.m.)
MAC3309 Mathematical Analysis

Topic Ordered field axiom, Supremum & Infimum Score 10 marks
Time 30 minutes (3th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let z,y € RT. Prove that

S i
y xT

2
2. (5 marks) Let A = {_7:1 ‘n € N}. Find sup A and prove it.
n
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Solution Quiz 1 : (1 p.m.)
MAC3309 Mathematical Analysis

Topic Ordered field axiom, Supremum & Infimume Score 10 marks
Time 30 minutes (3th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let z,y € RT. Prove that
f@f@z
Y T

Proof. Let z,y € R". In the fact that (y/z — ,/y)? > 0, we obtain

r—2V/x\/y+y>0

T+y>2Vz/y
x y
NNV

i
y T

2
" .n € N}. Find sup A and prove it.

n —+

2. (5 marks) Let A =

Wl —

Ul Q0 =

We see that A = {1, ,g, ,} Claim that sup A =2.

Proof. We will prove that sup A = 2
Let n € N. Then n > 1. From 0 < 2 So, 0+ 2n < 2 + 2n. We obtain

2n < 2(n+1)
2n
n+1

Thus, 2 is an upper bound of A.
Finally, we will show that 2 is the least upper bound of A.
Assume that that there is an upper bound wug of A such that

ug < 2.
By definition,
2y forall neN ()
r *
npg Svuo foralln
From — 2 > (. By Archimendean property (2), there is an ng € N such that

1 2 —wug 2
< — — < 2—ug
no 2 no



Since ng + 1 > ny,

2 < 2 <2
— —u
no+1 ng 0
2
ug < 2 — 10

TL()—‘rl:no—l-l.

This is contradiction to (x). Therefore, sup A =2 .
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Quiz 2 (8 a.m.)
MAC3309 Mathematical Analysis

Topic Limit of Sequences Score 10 marks
Time 30 minutes (5th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Use the Definition to prove that

2n
im =
n—oon + 1
2. (5 marks) Use the Definition to prove that
. on?
lim = 400
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Solution Quiz 2 (8 a.m.)
MAC3309 Mathematical Analysis

Topic Limit of Sequences Score 10 marks
Time 30 minutes (5th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Use the Definition to prove that

2n

11m =
n—oon + 1

1
Proof. Let € > 0. By Archimedean principle, there is an N € N such that N < %

1 1 1
Let n € N such that n > N. We obtain — < —. Since n + 1 > n, < —. Hence,
n~- N n+1l n
2n 2n—2(n+1) 2 2 2
nt1 ‘ n+1 ‘ n+l n=-N°
Thus, lim 2n = 1
n—oon + 1 2
2. (5 marks) Use the Definition to prove that
2n?
im = 400.
n—oon + 1

Proof. Let M € R. By Arichimedean property, there is an N € N such that

M+2

N
~ 2

It’s equivalent to 2N — 2 > M.
Let n € N such that n > N. Then 2n — 2 > 2N — 2. Since 0 > —2, 2n2 > 2n% — 2. We obtain

2 2 _
2n >2n 2:2(71 1)(“+1):2n—2>2N—2>M-
n+1 n+1 n+1

9 2
Hence, lim L +00.
n—oon + 1
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Quiz 2 (1 p.m.)
MAC3309 Mathematical Analysis

Topic Limit of Sequences Score 10 marks
Time 30 minutes (5th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

2n 0
n—oo N2 +1 o
2. (5 marks) Use the Definition to prove that
. 1—n?2
lim = —o0.

n—oo n
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Solution Quiz 2 (1 p.m.)
MAC3309 Mathematical Analysis

Topic Limit of Sequences Score 10 marks
Time 30 minutes (5th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Use the Definition to prove that

2n

e 1

Proof. Let € > 0. By Archimedean principle, there is an N € N such that

1.
N 2

2 2
Let n € N such that n > N. We obtain — < —. Since n? + 1 > n?2, .
n~- N n24+1 ~ n?

n24+1

2n ’ on on 2 2
0 = < —
n

0.

Thus, lim 2271 =
n—oo n% + 1

2. (5 marks) Use the Definition to prove that

. 1—n2
lim
n—00 n

= —0OQ.

Proof. Let M € R. By Arichimedean property, there is an N € N such that
N>1-M.

It’s equivalent to 1 — N < M.
Let n € N such that n > N. Then —-n < —-N. So,1—-n<1-—-N
Since 1 <n, 1 —n? < n—n2 We obtain

1-n?> _n-n% n(l-n)

< = =1-n<1—-N<M.
n n n
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Quiz 3 (8 a.m.)
MAC3309 Mathematical Analysis

Topic Continuity & the Mean Value Theorem (MVT)  Score 10 marks
Time 30 minutes (11th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = (x — 1)(x — 2)(«x — 3). Use the Definition to prove that

f is continuous at 2.

2. (5 marks) Use the Mean Value Theorem (MVT) to prove that
Inz<x—-—1 forallz>1.

Hints : Let a > 1 and consider a defined function on [1, al.
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Solution Quiz 3 (8 a.m.)
MAC3309 Mathematical Analysis

Topic Continuity & the Mean Value Theorem (MVT)  Score 10 marks

Time 30 minutes (11th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = (x — 1)(x — 2)(x — 3). Use the Definition to prove that
f is continuous at 2.
Proof. Let € > 0. Choose § = min{1, 55} such that [z — 2| < . Then |z — 2| < 1.
So, |z| — 2] < |x — 2] < 1. We obtain |z| < 3.

By triangle inequility, it follows that

|f(z) = f@2)] = |(z = 1)(z - 2)(z —3) - 0|
= |z — 1||z = 2||z — 3|
< (|z| + 1)d(Jz| + 3)
< (3+1)0(3+3)

€
:245<24-ﬂ:€.
Therefore, f is continuous at x = 2. O
2. (5 marks) Use the Mean Value Theorem (MVT) to prove that
Inz <x—1 forallxz>1.
Hints : Let a > 1 and consider function on [1, al.

Proof. Let a > 1 and f(x) =Ilnxz — z on [1,a] . Then f is continuous on [1,a] and differentiable on (1, a).
1

Then, f'(z) = — — 1. By the Mean Value Theorem (MVT), there is a ¢ € (1,a) such that
x

fe)a—1)
1
- — -1
<c 1)
1-
( )a—l)
From1l<c<a,l—c<0anda—1>0, weobtain

<1;C>(a—1)<0.

Inz <x—1 forallxz>0.

f(a)
(Ina—a)—(0—-1)

(Ina —a)

So, Ina — a+ 1 < 0. Therefore,
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Quiz 3 (1 p.m.)
MAC3309 Mathematical Analysis

Topic Continuity & the Mean Value Theorem (MVT)  Score 10 marks
Time 30 minutes (11th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = (x — 1)(x — 2)(«x — 3). Use the Definition to prove that

f is continuous at 3.

2. (5 marks) Use the Mean Value Theorem (MVT) to prove that
Inx <x forall x>1.

Hints : Let a > 1 and consider a defined function on [1, al.
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Solution Quiz 3 (1 p.m.)
MAC3309 Mathematical Analysis

Topic Continuity & the Mean Value Theorem (MVT)  Score 10 marks
Time 30 minutes (11th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = (x — 1)(x — 2)(x — 3). Use the Definition to prove that
f is continuous at 3.

Proof. Let € > 0. Choose 6 = min{1, =} such that |z — 3| < J. Then |z — 3| < 1.

» 30
So, |z| — |3] < |x — 3] < 1. We obtain |z| < 4.
By triangle inequility, it follows that

|f(@) = fB3)] = (z = 1)(z — 2)(z — 3) = O
= |z — 1||]z — 2||x — 3]
< (Ja] + 1)(|] + 2[)o
<(@A+1)(4+2)s

=306 <30 = = <.
Therefore, f is continuous at = = 3. O
2. (5 marks) Use the Mean Value Theorem (MVT) to prove that
Inz <z forall xz>1.
Hints : Let a > 1 and consider function on [1, a].

Proof. Let a > 1 and f(x) =Inz —x on [1,a] . Then f is continuous on [1,a] and differentiable on (1, a).
1

Then, f'(z) = — — 1. By the Mean Value Theorem (MVT), there is a ¢ € (1,a) such that
x

f(c)(a—1)

1
- -1
(c e
1—
< >a—1)
Froml<c¢<a,l—c<0anda—1>0, we obtain

(1;C> (a—1)<0.

So, Ina —a+1 < 0. It follows that Ina —a < —1 < 0.
Therefore,

f(a)

(lna—a)—(0-1)

(Ina —a)

Inx <x forall z>0.
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Quiz 4 (8 a.m.)
MAC3309 Mathematical Analysis

Topic Riemann sum & Change variable Score 10 marks
Time 30 minutes (13th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = 6x(z — 1) where = € [0, 1] and

P= {‘7 :ij,l,...,n}
n

be a partition of [0,1]. Find the Riemann Sum of f and I(f).

0

2. (5 marks) Let f be integrable R and / f(x)dx = 67. Use the change variable to compute
~1

/ f(xlnz — z) - Ina?da.
1
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Solution Quiz 4 (8 a.m.)
MAC3309 Mathematical Analysis

Topic Riemann sum & Change variable Score 10 marks
Time 30 minutes (13th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(x) = 6z(x — 1) where z € [0, 1] and

P = {J :j:(),l,...,n}
n

be a partition of [0, 1]. Find the Riemann Sum of f and I(f).
Solution. Choose t; = 7 (the Right End Point) on the subinterval [z;_1, z;]
n

1
and Ax; = — for all j = 1,2,3,...,n. We obtain the Riemann sum to be
n

S R i\ 1 1=, j(Jj
]z::lf(tj)ij—Jz::lf<n>'n—n:6'n<n—1>

j=1
b= (7% ) 6|1 L I
=2 ()= n et

J=1 Jj=1 Jj=1

_ 611 nr+1)@2n+1) 1 n(n+1)
" n|n? 6 n 2
(n+1)(@2n+1) 3(n+1)
N n2 n

Thus,

o - A (nFD@2n4+1) 3(n+1) B
I(f)_nzlvlﬁgo;f(t]m%_nlggo n? i

0
2. (5 marks) Let f be integrable R and / f(z) dz = 67. Use the change variable to compute
-1

e
/f(mlnm—x)~lnx2dx.
1
Solution. Let ¢(z) = zInz — 2. Then ¢/(z) =z-1 +1-Inz — 1 =Inz,
$p(1)=1ln1—-1=0—-1=—-1 and ¢(e) =elne—e=e—e=0.

By the change variable, we obtain

‘ nr—x)- HZU2 T = ‘ X . nraxr
/1f<x1 ) Ina?d /1f<¢>< )2 ad
. / f(6(z)) - & (x) da

1
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Quiz 4 (1 p.m.)
MAC3309 Mathematical Analysis

Topic Riemann sum & Change variable Score 10 marks
Time 30 minutes (13th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = 3z(z + 2) where = € [0, 1] and

P= {‘7 :ij,l,...,n}
n

be a partition of [0,1]. Find the Riemann Sum of f and I(f).

1
2. (5 marks) Let f be integrable R and / f(x)dx = 67. Use the change variable to compute
0

1
/ f(e® — xe®) - xe® dx.
0
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Solution Quiz 4 (1 p.m.)
MAC3309 Mathematical Analysis

Topic Riemann sum & Change variable Score 10 marks
Time 30 minutes (13th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = 3z(z + 2) where = € [0, 1] and

P:{]J:Qme}
n

be a partition of [0,1]. Find the Riemann Sum of f and I(f).
Solution. Choose t; = % (the Right End Point) on the subinterval [x;_1, z;]

1
and Axz; = — for all j =1,2,3,...,n. We obtain the Riemann sum to be
n

n

S-$r(0) 4150440

=1 =1 !
3 = [ j2 j 311 & , -
SRR EEI R R o
j=1 j=1 j=1
_ 31 n(r+1)@2rn+1) 2 n(n+1)
n |[n2 6 n 2
(n+1)2n+1) 3(n+1)
= 5 +
2n n

Thus,

(n+1)(2n+1) n 3(n+1)

= i )A l
im Zf tj)Ax; = im. o2 -

I1Pll—0

—1+3=4 #

1
2. (5 marks) Let f be integrable R and / f(z)dx = 67. Use the change variable to compute
0

1
/ f(e® —xe®) - xe® dx.
0
Solution. Let ¢(x) = e” — ze®. Then ¢/'(z) =€ — (x-e* +1-€%) = —xe”
$p(0)=¢"—0"=1=1-0=1 and ¢(1)=e—e=0.

By the change variable, we obtain

1 1
/0 f(e® —xe®) - xze dx:—/o flo(x)) - (—ze”) dx
1
——Afww»d@wx
(1)
—— [ s
#(0)
0 1
—/’ﬂﬂdh:/‘ﬂwﬁ:ﬁ7 "
1 0
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Quiz 4 (Addition)
MAC3309 Mathematical Analysis

Topic Riemann sum & Change variable Score 10 marks
Time 30 minutes (13th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) =6(x — 1)(x + 1) where z € [0,1] and

P= {‘7 :ij,l,...,n}
n

be a partition of [0,1]. Find the Riemann Sum of f and I(f).

1+e
2. (5 marks) Let f be integrable R and / f(z) dz = 66. Use the change variable to compute
1

1+zx
2z

/1 " F(n(we®)) - dz.
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Solution Quiz 4 (Addition)
MAC3309 Mathematical Analysis

Topic Riemann sum & Change variable Score 10 marks
Time 30 minutes (13th Week) Semester 2/2023
Teacher Assistant Professor Thanatyod Jampawai, Ph.D.
Division of Mathematics, Faculty of Education, = Suan Sunandha Rajabhat University

1. (5 marks) Let f(z) = 6(x — 1)(x + 1) where z € [0,1] and

P = {] :j:(),l,...,n}
n

be a partition of [0,1]. Find the Riemann Sum of f and I(f).
Solution. Choose t; = 7 (the Right End Point) on the subinterval [z;_1, z;]
n

1
and Ax; = — for all j =1,2,3,...,n. We obtain the Riemann sum to be
n

Jj=1 Jj=1 1
6 j 6 1 & , n
:nZQﬂ*»ﬂle -2.1
7j=1 7=1 J=1
61 nn+1)(2n+1)
=—|= -n
n | n? 6
(n+1)(2n+1)
— . —6
n

Thus,

—6=2-6=-4 #

n—o0 n2

I(f)= lim Zf( j)Az; = lim (n+H@n+1)
J

1+e
2. (5 marks) Let f be integrable R and / f(z) dx = 66. Use the change variable to compute
1

¢ R
/1 f(n(ze®)) - 5 dx.

T

Solution. Let ¢(z) = In(ze®) =Inz +Ine® =Inz + 2. Then ¢'(z) = L +1 = 112,
#(1)=In1+1=0+1=1 and ¢(e)=lne+e=1+e.

By the change variable, we obtain

e . 1+.T le e (e® '1+x$
| fnaery - 5 /m<>> d

/f (2) da




