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20 +1 ifx>1

. Use definition to prove that lim f(x) exists.
x4+ 2 ife <1 z—1

1. Let f(z) = {

Proof. Let € > 0. Choose § = min{g,e}. Let x € R such that 0 < |z — 1| < 4.
Case 0 <z —1 < 6. Then z > 1. We obtain

|f(z) =3 =22 +1-3|=2z—-2|=2xr - 1| <2§ < e.
Case —0 <z —1<0. Then x < 1. We obtain
lf(z) =3|=lz+2-3|=|z—1<d<e.

We conclude that lim f(z) = 3.
T—1

2. Use definition to prove that lim =1

z—oo xr — 1

1 1
Proof. Let € > 0. Choose M = l—i—g. Then M — 1 = - >0ie, M >1.

1 1
Let x € R such that x > M > 1. It follows that z —1 > M — 1 > 0. So, 1<M 1
z — _
We obtain
x 1 | 1 < I
z—1 e—1| z-1 "M-1_°
Thus, lim x =1.
r—o00 I —
3. Use definition to prove that lim =1
r——oco x — 1
1
Proof. Let € > 0. Choose M = ——. Then M < 0.
€
1 1
It'sclear that 0 < —M < —M +1. So, ——— < ——.
s clear tha < < + 0’1—M<—M 1 1
LethRsuchthatx<M.Itfollowsthat—:U>—M>0,i.e.,1—x>1—M>1So,1 <1 i
— _
We obtain
x N R D SR SR N
c—1 | |z—1| 1-z°"1-M°-"-M °
Thus, lim w =1.

z——ocox — 1



1
4. Use definition to prove that lim = 400
z—1+t T —1

1
Proof. Let M > 0. Choose § = U Then 6 > 0.
Let z € R such that 0 < x — 1 < §. It follows that

1 1
>—-=M
r—1" 6
Thus, lim = +o00.
z—=1tr—1
5. Use definition to prove that
lim = +o00.

r—1-1—x

1
Proof. Let M > 0. Choose § = W Then § > 0.
Let x € R such that —d <2 —1<0. Then 0 <1 —z < §. It follows that

1 1

>—-=M
l—z " 9
i 1
Thus, lim = 4-00.
z—1— 1 — X
- . 1
6. Use definition to prove that lim = —00

T2t 2 — X

1
Proof. Let M < 0. Choose § = U Then 6 > 0.
Let z € R such that 0 <z — 2 < §. So, —§ < 2 —x < 0. We obatin

1 1
<—-—==M
2—x 0
. 1
Thus, lim = —00
T2+ 2 — X
7. Use definition to prove that
1
li = —o0.
xigl* r—2 o
1
Proof. Let M < 0. Choose § = i Then 6 > 0.
Let z € R such that —§ < — 2 < 0. We obatin
1 1
<—==M
x—2 0

Thus, lim =
z—2- T — 2




8. Let f and g be real functions defined everywhere on I except possibly at a such that
f(z) <g(z) forallzel—{a}.
Prove that if f(x) — oo as x — a, then g(z) — o0 as z — a.

Proof. Assume that f(z) < g(x) for all z € I —{a} and f(z) — o0 as x — a.
Let M > 0. There is a dg > 0 such that

for all 2 € R satisfying 0 < |z — a| < dp, implies that f(z) > M.
Since f(x) < g(z) for x € R satisfying 0 < |z — a| < Jo,
g(x) = f(x) > M.

Therefore, g(x) — oo as x — a.



