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1. (5 marks) Use the Definition to prove that

lim
n→∞

2n

n+ 1
= 2.

Proof. Let ε > 0. By Archimedean principle, there is an N ∈ N such that 1

N
<

ε

2
.

Let n ∈ N such that n ≥ N . We obtain 1

n
≤ 1

N
. Since n+ 1 > n, 1

n+ 1
<

1

n
. Hence,∣∣∣∣ 2n

n+ 1
− 2

∣∣∣∣ = ∣∣∣∣2n− 2(n+ 1)

n+ 1

∣∣∣∣ = 2

n+ 1
<

2

n
≤ 2

N
< ε.

Thus, lim
n→∞

2n

n+ 1
=

1

2
.

2. (5 marks) Use the Definition to prove that

lim
n→∞

2n2

n+ 1
= +∞.

Proof. Let M ∈ R. By Arichimedean property, there is an N ∈ N such that

N >
M + 2

2
.

It’s equivalent to 2N − 2 > M .
Let n ∈ N such that n ≥ N . Then 2n− 2 > 2N − 2. Since 0 > −2, 2n2 > 2n2 − 2. We obtain

2n2

n+ 1
>

2n2 − 2

n+ 1
=

2(n− 1)(n+ 1)

n+ 1
= 2n− 2 > 2N − 2 > M.

Hence, lim
n→∞

2n2

n+ 1
= +∞.
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1. (5 marks) Use the Definition to prove that

lim
n→∞

2n

n2 + 1
= 0.

Proof. Let ε > 0. By Archimedean principle, there is an N ∈ N such that 1

N
<

ε

2
.

Let n ∈ N such that n ≥ N . We obtain 2

n
≤ 2

N
. Since n2 + 1 > n2, 1

n2 + 1
<

1

n2
. Hence,∣∣∣∣ 2n

n2 + 1
− 0

∣∣∣∣ = 2n

n2 + 1
=

2n

n2
<

2

n
≤ 2

N
< ε.

Thus, lim
n→∞

2n

n2 + 1
= 0.

2. (5 marks) Use the Definition to prove that

lim
n→∞

1− n2

n
= −∞.

Proof. Let M ∈ R. By Arichimedean property, there is an N ∈ N such that

N > 1−M.

It’s equivalent to 1−N < M .
Let n ∈ N such that n ≥ N . Then −n ≤ −N . So, 1− n ≤ 1−N
Since 1 ≤ n, 1− n2 ≤ n− n2. We obtain

1− n2

n
≤ n− n2

n
=

n(1− n)

n
= 1− n ≤ 1−N < M.

Hence, lim
n→∞

1− n2

n
= −∞.
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